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Nominal Sets
© Freshness & Binding of Names
© Initial Algebras: e.g. Lambda-Expressions mod. =,
© (Final) Coalgebras:

o Infinite Lambda-Trees (mod. =,)
e Automata with name binding

© Rich categorical structure: boolean topos
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Nominal Sets
© Freshness & Binding of Names

© Initial Algebras: e.g. Lambda-Expressions mod. =,
© (Final) Coalgebras:

o Infinite Lambda-Trees (mod. =,)
e Automata with name binding

© Rich categorical structure: boolean topos

Drawbacks
finitely presentable = orbit-finite # finite

not monadic over Set

Eilenberg-Moore category for a monad
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Definition: supported sets Supp(A) (for a fixed set A)
@ object = set X and map sx: X — P¢(A)
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Definition: supported sets Supp(A) (for a fixed set A)
@ object = set X and map sx: X — P¢(A)
e morphism = map f: X — Y with sy(f(x)) C sx(x).
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Definition: supported sets Supp(A) (for a fixed set A)
@ object = set X and map sx: X — P¢(A)

e morphism = map f: X — Y with sy(f(x)) C sx(x).

X f Y
% 2 %
Pr(A)

Examples Objects
@ the set A itself, sy = id4y
@ singleton {a} (for a € A)
@ every nominal set X for sx := supp
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Categorical Properties of Supp(A)
© finitely presentable = finite (and Supp(A) is Ifp)
© (co)complete, cartesian closed
© U: Supp(A) — Set 4 J: Set — Supp(A)
© monic = injective &  epic = surjective
isomorphic = bijective 4 support-reflecting

© regular subobject classifier 2 (but not a topos ©)
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Categorical Properties of Supp(A)
© finitely presentable = finite (and Supp(A) is Ifp)
© (co)complete, cartesian closed
© U: Supp(A) — Set 4 J: Set — Supp(A)
© monic = injective &  epic = surjective
isomorphic = bijective 4 support-reflecting

© regular subobject classifier 2 (but not a topos ©)

Name Binding via de Bruijn indices
[A]: Supp(A) — Supp(A) for A:= A = {ag,a1,...}

[AJX =X spuyx(x) == {ak | ak+1 € sx(x), k € N}
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Intuitive Definition Nom(M) for M C (A — A, 0,id,)

Nominal M-set = monoid action for M + finite support

Instances:

Order Symmetry Equality Symmetry Renaming Sets
Nom(Aut(Q, <)) Nom(Perm¢(A)) Nom(Fin(A))
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Intuitive Definition Nom(M) for M C (A — A, 0,id,)

Nominal M-set = monoid action for M + finite support

Theorem
For all M C A, the functor U: Nom(M) — Supp(A) is
@ right-adjoint if M admits least supports

Instances:

Order Symmetry Equality Symmetry Renaming Sets
Nom(Aut(Q, <)) Nom(Perm¢(A)) Nom(Fin(A))
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Intuitive Definition Nom(M) for M C (A — A, 0,id,)

Nominal M-set = monoid action for M + finite support

Theorem
For all M C A, the functor U: Nom(M) — Supp(A) is
@ right-adjoint if M admits least supports
@ monadic if VR € PyA, a¢ R: e M: ((a)#a, l(r)=rVreR
Nom(M) = EM(T) for TX := {(mls(x),x) | me M, x € X}

Instances:

Order Symmetry Equality Symmetry Renaming Sets
Nom(Aut(Q, <)) Nom(Perm¢(A)) Nom(Fin(A))
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Monadicity Thorsten WiBmann

Intuitive Definition Nom(M) for M C (A — A, 0,id,)

Nominal M-set = monoid action for M + finite support

Theorem
For all M C A, the functor U: Nom(M) — Supp(A) is
@ right-adjoint if M admits least supports
@ monadic if VR € PrA, a¢ R: 30 e M: ((a)#a, l(r)=rVreR
Nom(M) = EM(T) for TX := {(mls(x),x) | me M, x € X}

Instances: Monadic adjunctions (A countably infinite)

Order Symmetry Equality Symmetry Renaming Sets
Nom(Aut(Q, <)) Nom(Perm¢(A)) Nom(Fin(A))

i bl Bl

( Supp(A) )
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Application: finite representation of nominal M-sets

nominal set finite supported set G with
orbit-finite finitely many equations E C TG x TG
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Application: finite representation of nominal M-sets

nominal set finite supported set G with
orbit-finite finitely many equations E C TG x TG

Application: Generalized determinization

q Configuration

Nom(M) —— Nom(M) Coalg(l:l) Space
EM(T) Ui lU . TT
Supp(A) _H, Supp(A) Coalg(HT) State

Space
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Application: finite representation of nominal M-sets

nominal set finite supported set G with
orbit-finite finitely many equations E C TG x TG

Application: Generalized determinization
Configuration

Nom(M) —— Nom(M) Coalg(H) Space
EM(T
(0 Ul lu - TT
Supp(A) _H, Supp(A) Coalg(HT) State
Space
Functors that lift: Lifts to Gabbay & Pitts’

abstraction functor

o X, +, Pr, Puss, -
e Binding functor [A] (for A:=A)

o E.g. RNNA HX := 2 x Pus([A](—) + A x (-))

o E.g. Register Automata HX := 2 x [A]Pr(XA x X)

6/
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Relation to Presheaves

Nom(Perm¢(A))

[‘PfA‘, Set]

Kurz, Petrisan, Velebil '10
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Relation to Presheaves
I = P¢(A) with all injective maps

Monadic

Nom(Perm¢(A)) T 1[I, Set]

[‘PfA‘, Set]

\ v

Kurz, Petrisan, Velebil '10
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Relation to Presheaves
I = P¢(A) with all injective maps

f Monadic [ Monadic
Nom(Perm¢(A)) @ [L, Set]
|
o » !
\
Supp(A) [[PrAl, Set]
\ \ J

Kurz, Petrisan, Velebil '10
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Relation to Presheaves
I = P¢(A) with all injective maps

f Monadic [ Monadic
Nom(Perm¢(A)) @ [L, Set]
|
. » .
|
Supp(4) 71T > [[PiAl,Set
. ) L J

Kurz, Petrisan, Velebil '10
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