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Motivation

Goals
• Convey the basic ideas of coalgebra
• Motivation for looking for abstract patterns
• Avoid redundancy in mathematical results
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Definition: Functor F ∶ Set → Set
• Each set X is sent to a set FX
• Each map f ∶X → Y is sent to a map Ff ∶FX → FY

• Preserves identities: F idX = idFX ∶FX → FX
• Preserves composition: F(g ◦ f ) = Fg ◦ Ff

F(Z g◦f
←−− X) = F(Z g

←− Y ) ◦ F(Y f
←− X)

Examples

• FX = PX , Pf (S) ∶= {f (x) ∣ x ∈ S}
• FX = A × X , Ff (a, x) = (a, f (x))
• FX = XA, Ff (t) = f ◦ t, using t∶A → X
• FX = R

(X) ∶= {µ∶X → R ∣ µ(x) ≠ 0 for finitely many x ∈ X}
R

(f )(µ) = (y ↦ ∑x∈X ,f (x)=y µ(x)) ∈ R
(Y )

, µ ∈ R
(X)
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Functor F ∶C → C F -Coalgebra

F -Coalgebra-HomomorphismExample

P
2 × (−)A

R
(−)

F ∶Pos
F ∶Nom

F ∶Set → Set c∶C

State Space

→ FC

h∶ (C , c) → (D, d)
Induced Equivalence Notion:

3a
5b

8a
3b 4a

4b

⊥
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Coalgebra Homomorphism
h∶ (C , c) → (D, d)

C FC

D FD

c

h Fh
d

x , y ∈ C behaviourally
equivalent
⇔ exists h∶ (C , c) → (D, d)
with h(x) = h(y)

Example: x , y ∈ C c
−→ PC behaviourally equiv. ⇔ x,y bisimilar

⇒ If h(x) = h(y), then R = {(x ′, y ′) ∈ C × C ∣ h(x ′) = h(y ′)} is
a bisimulation.

⇐ Define D = C modulo bisimilarity and h∶C → D sends each
x ∈ C to its equivalence class. Then, h is a P-coalgebra
homomorphism.
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Functor F ∶C → C F -Coalgebra

F -Coalgebra-HomomorphismExample

P
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P
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R
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→ FC
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3b 4a
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Functor F ∶C → C F -Coalgebra

F -Coalgebra-HomomorphismExample

P
2 × (−)A

R
(−)
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Coinduction

Ideas
• Canonical domain of semantics of F -coalgebras
• Use coalgebras to define (possibly infinite) behaviour
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The final F -coalgebra (T , t) is an F -coalgebra such that...

for all coalgebras C FC

T FT

c

there exists a unique h Fh
t

Final F -coalgebra ⇔ greatest fixpoint νF

x , y ∈ C behaviourally equivalent ⇔ x , y identified in νF

Examples
• FX = A × X ⇒ νF = AN

• FX = XA
⇒ νF = 1

• FX = 2×XA
⇒ νF = 2A∗

For FX = N × X
C ∶= N ×N

c∶N ×N→ F(N ×N)
c(k, n) = (k, (n, k + n))

What is h(1, 1) ∈ νF = N
N?
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Lambek’s Lemma
If the coalgebra (T , t) is final, then t is an isomorphism.

Proof
T FT

FT FFT

T FT

t

t

idT

Ft

idTddF idT
Ft

∃h Fh
t

• h ◦ t∶ (T , t) → (T , t) is an
F -coalgebra homomorphism

• idT ∶ (T , t) → (T , t), too
⇒ h ◦ t = idT by uniqueness
• t ◦ h = Fh ◦ Ft = F(h ◦ t)

= F idT = idFT

Cantor’s Theorem
Any map C → PC is not surjective

⟹ There is no
final P-coalgebra
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Coalgebraic Modal Logic

Ideas
• Define a set of modalities ♡1,♡2, . . . “suitable” for F
• We build formulas using these modalities...
• and F -coalgebras are the models
• Formulas ϕ hold at a subset of the states JϕK ⊆ C of a

coalgebra c∶C → FC
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Syntax
ϕ, ψ ∶∶= ⊤ ∣ ⊥ ∣ ¬ϕ ∣ ϕ ∧ ψ ∣ ϕ ∨ ψ ∣ ♡ϕ

Semantics JϕK ⊆ C in a coalgebra c∶C → FC
J⊤K = C , J⊥K = ∅, J¬ϕK = C \ JϕK,

Jϕ ∧ ψK = JϕK ∩ JψK, Jϕ ∨ ψK = JϕK ∪ JψK,

J♡ϕK = {x ∈ C ∣ FχJϕK(c(x)) ∈ J♡K} χJϕK∶C → 2

(Unary) Predicate Lifting J♡K

J♡K ⊆ F2 ⟺ 2C
→ 2FC natural in C

Examples
• FX = PX : J◇K = {s ∈ P2 ∣ 1 ∈ s} J□K = {s ∈ P2 ∣ 0 ∉ s}
• FX = R

(X): J⟨≥r⟩K = {µ ∈ R
(2) ∣ µ(1) ≥ r}
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Theorem: Adequacy
If x , y are behaviourally equivalent,
then x ∈ JϕK ↔ y ∈ JϕK for all formulas ϕ

For converse direction: separating set of predicate liftings, e.g. □

Implementations & Extensions
• Is a given formula ϕ satisfiable? (or provable from)
• Fixpoint Logics (mu-calculus, including CTL)
• Semantics for infinite games (Büchi-Automata)
• Combine functors to form new logics (e.g. combining

standard □/◇ with probabilities)
Software Cool: https://git8.cs.fau.de/software/cool

https://git8.cs.fau.de/software/cool
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Minimization Algorithms

Task
• Given a finite c∶C → FC ...
• ... which states have equivalent behaviour?
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Coalgebraic Algorithm

for behavioural equivalence

DeterministicDeterministic
finite Automatafinite Automata

n ⋅ log nn ⋅ log n ∣A∣ ⋅ n ⋅ log n∣A∣ ⋅ n ⋅ log n
Hopcroft ’71Hopcroft ’71 Gries ’73Gries ’73

Knuutila ’01Knuutila ’01
(Labelled)(Labelled)

Transition SystemsTransition Systems
m ⋅ log nm ⋅ log n

Paige, Tarjan ’87Paige, Tarjan ’87
Valmari ’09Valmari ’09

Weighted SystemsWeighted Systems
“Markov Chain Lumping”“Markov Chain Lumping”

m ⋅ log nm ⋅ log n
Valmari, Franceschinis ’10Valmari, Franceschinis ’10

Segala SystemsSegala Systems
mdist ⋅ log mactsmdist ⋅ log macts

Groote, Verduzco,Groote, Verduzco,
de Vink ’18de Vink ’18

WeightedWeighted
Tree AutomataTree Automata

m ⋅ nm ⋅ n // m ⋅ log nm ⋅ log n
Högberg, Maletti,Högberg, Maletti,

May ’07May ’07

Similar
Ideas Similar

Run-Time

System type
hard-wired
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Final Chain: sequence of partitions / equivalence relations
x , y behaviourally equivalent ⇔ ∀k ∈ N∶ pk(x) = pk(y)
• p0∶C → 1 (all states equivalent)

• p1∶C
c
−→ FC

Fp0
−−→ F1 (final vs. non-final)

• p2∶C
c
−→ FC

Fp1
−−→ FF1

⋮

• pk+1∶C
c
−→ FC

pk
−→ FF k1 = F k+11 for pk ∶C → F k1

Definition: kernel pair of f ∶X → Y
ker(f ) ∶= {(x1, x2) ∈ X × X ∣ f (x1) = f (x2)}

Theorem
As soon as pk and pk+1 describe the same relation
(ker pk = ker pk+1), then pk describes behavioural equivalence.
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With stronger assumptions:

Efficient Coalgebraic Partition Refinement
• Assume that F ∶Set → Set is “zippable”
• Assume that F has a “refinement interface”

⇒ An F -coalgebra with n states and m transitions is minimized
in O((m + n) ⋅ log n)

Software Copar: https://git8.cs.fau.de/software/copar

Coalgebraic
Partition

Refinement

Refinement
Interface

F -coalgebra

Behaviourally
Equivalent

States

https://git8.cs.fau.de/software/copar
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System Type Functor FX Run time (m ≥ n) Dedicated Algorithm

Transition
Systems PfX m ⋅ log n = m ⋅ log n Paige, Tarjan 1987

LTS Pf(N × X) m ⋅ log m = m ⋅ log m Dovier, Piazza, Policriti 2004

> m ⋅ log n Valmari 2009

Markov
Chains R

(X) m ⋅ log n = m ⋅ log n Valmari, Franceschinis 2010

Determi-
nistic
Automata

2 × XA (A fixed) n ⋅ log n = n ⋅ log n Hopcroft 1971

2 ×Pf(A × X) ∣A∣ ⋅ n ⋅ log n = ∣A∣ ⋅ n ⋅ log n Gries 1973/Knuutila 2001

Segala
Systems Pf(A ×DX) mD ⋅ log mPf

< m ⋅ log n Baier, Engelen,
Majster-Cederbaum 2000

= mD ⋅ log mPf Groote, Verduzco, de Vink 2018

Colour
Refinement BX = N

(X) m ⋅ log n = m ⋅ log n Berkholz, Bonsma, Grohe 2017

Weighted
Tree-
Automata
(Backwards
Bisimulation)

M(ΣX) New

M uncancellable
m ⋅ log2 m < m ⋅ n Högberg, Maletti, May 2007

M(ΣX)

M cancellable
m ⋅ log m =

Σ fest
m ⋅ log n Högberg, Maletti, May 2007
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Conclusions
• Coalgebra: reasoning about coinductive data
• Generic methods allow to distinguish general pattern and

type-specifics
• Genericity and speed don’t exclude each other!

Thank You!
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