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Different Parameters for C and H

Instances of %H

Rational Σ-trees for a signature Σ (on Set)

Eventually periodic streams (on Set)

Rational streams (on VecK ) Milius (LICS’10)

Rational λ-trees (on SetF ) Adámek, Milius, Velebil (LMCS’11)

Rational weighted languages for Noetherian semirings S
Bonsangue, Milius, Silva (TOCL’11)

Most likely not instances

Courcelle’s algebraic trees Adámek, Milius, Velebil (TCS’11)

Context-free languages Winter, Bonsangue, Rutten (LMCS’13)

Problem

%H → νH not always monic. Not all equal behaviours are identified!
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Problem & Task

Background: LFP Categories = Notions of finiteness

finitely presented

finitely generated

• fp = fg: Set, VecK

• fp 6= fg: Monoids,
Groups, Mndf(Set),

• fp =? fg: Idempotent
Semirings, . . .

Wanted:

Universal
property? Fixpoint?

Meaning of
inverse?

??? =

Collection of
finite behaviours

=
Subcoalgebra of νH
for finite behaviours

6= %H
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New Approach via Finitely Generated (f.g.) Objects

Coalgebras with f.g. carrier

C −→ HC

lfg coalgebras D HD

Sfg P
fg

HP

∀
∃ ∃

Theorem: The Locally Finite Fixpoint of H

Suppose

C LFP Category

H : C → C mono-preserving and finitary endofunctor.

Final locally finitely generated (lfg) coalgebra ϑH exists and is

subcoalgebra of νH.

a fixpoint of H, i.e. has isomorphic structure

The Inverse: Initial fg-iterative algebra

(A, α) fg-iterative ⇔ solves X → HX + A (X fg) uniquely.
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The Rational Image

Assume furthermore

C has enough strong epi projectives

H preserves strong epis

Examples

Set, VecK

Finitiary endofunctors Funf (Set)

Variety of algebras = Eilenberg-Moore category SetT for T
finitary monad, e.g. Groups, idempotent semi-rings, . . .

Theorem %H ϑH νH

Whenever fp=fg %H ϑH νH
∼=
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Applications

Whenever fp=fg, e.g. in Set, Nominal Sets, and VecK

%H = ϑH

Inherited examples

Rational Σ-trees

Eventually periodic streams

Rational λ-trees modulo α-equivalence

Rational weighted languages for Noetherian semirings S
...

Interesting Examples

finitely presented ⊂6= finitely generated
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Generalized Powerset Construction C = SetT

xT -Automaton : X → HT Computational
side effect

X in Set

x ]

its determinization

: TX → H̄TX in SetT

Silva, Bonchi, Bonsangue, Rutten’13

X TX ϑH̄ νH

H T X

2× PfX
Σ

HϑH̄ HνH

x

ηX

x]

x]†x]†

r

r†

τ∼=

Hx]†Hx]† Hr†

Non-Determinism
T = Pf

H = 2× (−)Σ

SetT = Join
Semi-Lattices

Proposition
ϑH̄ =

⋃
x :X→HTX
x finite

Im(x ]†) ⊆ νH
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EM-Algebras = Idempotent
semirings with Σ-pointing
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Weighted CF Grammars

Winter, Bonsangue, Rutten’15

Finite state x : X → HTX
CF Grammars in weak Greibach
Normal Form

Winter, Bonsangue, Rutten’13

ϑH̄ in SetT
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Algebraic Trees & Recursive Program Schemes

Example: For the signature Σ = {f/2, g/1}

ϕ(x) = f (x , ϕ(g(x)))

Coalgebraically

C = finitary HΣ-pointed Set-Monads

fp6=fg

:

e :RPS B −→ HΣ · B + Id

Adámek, Milius, Velebil’11

Solution of ϕ(x)

f

x f

g

x
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g

g

x

...

Proposition

Monad of algebraic trees = ϑ(HΣ · (−) + Id)

Solves open question about its Universal Property

Thorsten Wißmann tinyurl.com/coalgebra April 4, 2016 12 / 13

http://tinyurl.com/coalgebra


Motivation Locally Finite Fixpoint Applications References

Algebraic Trees & Recursive Program Schemes

Example: For the signature Σ = {f/2, g/1}

ϕ(x) = f (x , ϕ(g(x)))

Coalgebraically

C = finitary HΣ-pointed Set-Monads

fp6=fg

:

e :RPS B −→ HΣ · B + Id
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Adámek, Milius, Velebil’11

Solution of ϕ(x)

f

x f

g

x

f

g

g

x

...

Proposition

Monad of algebraic trees = ϑ(HΣ · (−) + Id)

Solves open question about its Universal Property

Thorsten Wißmann tinyurl.com/coalgebra April 4, 2016 12 / 13

http://tinyurl.com/coalgebra


Motivation Locally Finite Fixpoint Applications References

Conclusions

The locally finite fixpoint . . .

one abstract framework
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