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Ingredient 1: Factorizations

Equivalence Relations = Quotients = Partitions

Kernels = Regular Epimorphisms

Category with (Regular Epi,Mono)-Factorizations
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Ny ~ Image 7/

X/kerf = of f
@ 2 1
@ L

ker f = {(x1,x) € X2 | f(x1) = f(x2)}
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The Coalgebraic Task

For a functor F: C — C
Given a coalgebra C —5— FC

no proper hl th

quotient_ ,
find the simple quotient C' —~— FC’
e 5 //) //7
all equivalent \(\5&3“ = sl‘e,,ce sl‘a,,cs
behaviours =
identified ®
For 2 x (=) :SQ For P :Set For R(-) :Set
Automata Bisimilarity Markov chain

minimization minimization lumping
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Heuristic

3 4 4

C » C/P —2— C/Q
l heuristic
B

Use all new information
B = C/P ~~ Final Chain algorithm Konig, Kiipper '14

Surrounding block in C/Q
Process the smaller half

Let S € C/P, such that 2-|S| < |p(S)|

) 2.4 m
B = {ChosenBlock, SameSurroundingBlock, RemainingBlocks}
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Assume
e Finitely complete category C
o (RegularEpi,Mono)-factorisations

e F mono-preserving

Theorem (Correctness)

C ——— FC

! |

C/P,’ E— F(C/Q,)
If P; = Q;, then this

1. is a coalgebra

2. has no proper quotient
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Functors F zippable, if
F(L+ R) nzip, F(L+1) x F(1+ R) is monic.
E.g. Id, Constants, x, +, <, M(=) part. additive

Examples for sets L = {ay,a, a3}, R={by, b}, 1 ={}

a1 ap by a3 by il {a1,a, b1} unzip
(araz - a3, ] ({a1, a2, -},
- b1 _by) {-, b1})
(—)* is zippable P is zippable

{{a1, b1}, {a2, b2}}  {{a1, b2}, {a2, b1 }}

unzipL (%{31, -} {ao, 7}}, J““Zip Composition

{- b1}, {- b2} })

PP is not zippable Quotients
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AZ X b B
ker a U ker b a kernel in Set
< ker a U ker b transitive
< Vx e X [x]a € [x]p or [x]a 2 [x]b

Example Non-Example

(o o)(o)(s @) X/kera (o ®)(®) X/kera
(O)(®)(e o @) X/kerb @@ X/ ker b

f
Process smaller half for X — F £ G
Find x € X, with S := [x]f, C := [x]gf, such that 2-|S| < [C].
Return (xs,xc): X = 2x 2
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Efficiency: Incremental Partitions

Concrete
Algorithm?
Incremental partitions P .= ker(c - Fa) P N ker(Fb - c)
H H
Q :=kera QNkerb C C
1l Il le —— &
c —— C FC FC
la la’:(a,b) lFa lF(a,b)
A Ax B FA F (AxB)
Theorem: In Set, ker F(a, by = ker(Fa, Fb) if
F(L+R). — ker a U ker b
+ injective and

F(L+1) x F(1+R) an equivalence

“zippable”
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Functor encoding
o type of weights W, type of edge labels L
@ weight function w : PX x FX — W
e b: FX — Be(L x X)
@ init: F1 x Be(L) - W
o update: Be(L) x W — W x F(2x2) x W

weight of C F{xs,Xxc)
edges into S weight of S weight of C\ S
Functor: GO B D P Fs
Labels L: G N [0,1] 1 N
Weights W: G@ B2 D2 N Fs2

w(C), CC X: Gxc Bixc Dxc |CNn(=)| Fsxc
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Category: Heuristic: Functor:
zippable &
Set smaller half > .
encoding

Assumption: Functor encoding

o Refinement interface  { type W, type L, init(), w(Q),

update() }
@ coalgebra structure as edges with labels

C S FCLP(LxC)
= compute “smaller half" intersections in linear time
Theorem

Overall complexity: O((m+ n) -logn) for n = |C

cm= 3" be(x)

xeC
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Genericity: Initial partiton

Given
C - FC

Usual partition refinement algorithms
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Genericity: Initial partiton

Given
C - FC

Usual partition refinement algorithms

. . K
Return coarsest partition compatible with ¢, refining C —» 7

!

Coalgebraic partition refinement for Z x F

For the coalgebra C <K—C2 I xFC
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Genericity: Composition

If F finitary,

C —= FGC
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Genericity: Composition

If F finitary,

C—S3FGC s D%, GC

T TFd
C SNy

FD

A coalgebra on Set? for the functor (X, Y) — (FY, GX):

(cd

(C, D)= (FD, GC)
Examples
(Ax(-)) (2xP)-(Ax(-))
(Ax(=))D P-D-(Ax(-))
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