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For a functor F: C — C
Given a coalgebra C —5— FC

no proper hl th
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find the simple quotient C’ —~— FC’

e 5 //) //7
all equivalent \(\5&3“ = sl‘e,,% sl‘a,,cs
behaviours =
identified ¢
For 2 x (=) :SeftD For P :Set For R(-) :Set
Automata Bisimilarity Markov chain
minimization lumping
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unzip

F(L+ R) ™% F(L+1) x F(1+ R) is monic.

E.g. Id, Constants, x, +, <>, /\/I(_), part. additive

Examples for sets L = {ay,ay, a3}, R={by, b}, 1 ={}

a1 ap by a3 by 'T2P {a1, 35, by} M2
(3132 - a3, j ({alaa%*}a
b1 - by) {- b1})
(—)* is zippable P is zippable

{{a1, b1}, {a2, b2} }  {{a1, b2}, {a2, b1} }

unzipL ({{317 3 {a2, 7}}, J”mip Composition

{{*7 b1}7 {*7 b2}})

PP is not zippable Quotients
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Functor encoding
@ internal weights W, w : FX - PX — W
o edge labels L
e b: FX — Be(L x X)
e update: Be(L) x W — W x F(2x2) x W

weight of C F{xs,xc)
edges into S weight of S weight of C\ S
Functor: GO B D P Fs
Labels L: G N [0,1] 1 N
Weights W: G@ B2 D2 N Fs2

w(C), CCY: Gxc Bixc Dxc |[CN(-)l Fexc

/5




| Thorsten WiBmann

Efficient and Modular Coalgebraic Partition Refinement tinyurl.com/coalgebra

1. Assume
everything
equivalent



tinyurl.com/coalgebra | Thorsten WiBmann

Efficient and Modular Coalgebraic Partition Refinement

1. Assume

everything

equivalent
2. Have a
quotient

on C



Efficient and Modular Coalgebraic Partition Refinement tinyurl.com/coalgebra | Thorsten WiBmann
1. Assume
everything
equivalent
3. Unravel
c:C— FC
2. Have a b
. one ste
quotient y P

on C



tinyurl.com/coalgebra | Thorsten WiBmann | oo

Efficient and Modular Coalgebraic Partition Refinement

1. Assume
everything
equivalent
3. Unravel
\2. Have a E:C_MEC
quotient y one step
on C
refine
further

4. Pick some
of the new
information



tinyurl.com/coalgebra | Thorsten WiBmann | oo

Efficient and Modular Coalgebraic Partition Refinement

1. Assume (C
everything 1]
equivalent 1
3. Unravel
2. Have a E:C_MEC
quotient y one step
on C
refine
further

4. Pick some
of the new
information



tinyurl.com/coalgebra | Thorsten WiBmann | oo /5

Efficient and Modular Coalgebraic Partition Refinement

1. Assume (C
everything 1]
equivalent 1
Q := kera 3. Unravel
2. Havea || c:C—=FC
quotient C by one step
on C la
K A
refine
further

4. Pick some
of the new
information



Efficient and Modular Coalgebraic Partition Refinement tinyurl.com/coalgebra | Thorsten WiBmann 00 /5
1. Assume (C
verything 1| P :=ker(Fa- c)
equivalent 1
Q := kera 3. Unravel H
= ' p
2. Havea || c:C—=FC Ie
quotient C by one step
FC
on C la e
K A FA
refine
further

4. Pick some
of the new
information



Efficient and Modular Coalgebraic Partition Refinement tinyurl.com/coalgebra | Thorsten WiBmann 00 /5
1. Assume (C
verything 1| P :=ker(Fa- c)
equivalent 1
q {ke:\ 3. Unravel
= ' p
2. Havea || c:C—=FC Ie
quotient C by one step
FC
on C la e
K A FA
refine
further
. C
4. Pick some
of the new i

information ~ C/P

!

¢/Q



tinyurl.com/coalgebra | Thorsten WiBmann | oo /5

Efficient and Modular Coalgebraic Partition Refinement

1. Assume (C
everything 1] P :=ker(Fa- c)
equivalent 1
i @\ 3. Unravel
2. Havea || c:C—FC le
quotient C by one step EC
on C la |Fa
K A FA
refine
further
. c
4. Pick some s
of the new i iy

information C/P — B

i th\eu ristic

C/Q



tinyurl.com/coalgebra | Thorsten WiBmann | oo /5

Efficient and Modular Coalgebraic Partition Refinement

1. Assume (C
everything 1] P :=ker(Fa- c)
equivalent 1
q @\ 3. Unravel u
2. Havea || c:C—FC le
quotient C by one step EC
on C la |Fa
K A FA
C refine
a/:<a’b>l further
. c
Ax B 4. Pick some s
of the new i iy

information C/P — B

i th\eu ristic

C/Q



tinyurl.com/coalgebra | Thorsten WiBmann

Efficient and Modular Coalgebraic Partition Refinement

1. Assume C
everything 1] P :=ker(Fa- c)
equivalent 1
i /\ 3. Unravel H
Q :=kera
c:C—Fc C
2. Havea || le
. by one step
quotient C FC
on C la 1Fa
K A FA
C refine
a/:<a’b>l further
C - : _
Ax B 4. Pick some N TS:';”Cn/eCV'
of the new i iy information

information C/P — B

i th\euristic use smaller

half
c/Q



Thorsten WiBmann | oo /5

Factorizations

Equivalence Relations = Quotients & Partitions

Kernels = Regular Epimorphisms



Thorsten WiBmann

Factorizations

Equivalence Relations = Quotients & Partitions

Kernels = Regular Epimorphisms

Category with (Regular Epi,Mono)-Factorizations

f 42

X /_\
\» Image /

of f

3 4

Y

42



Thorsten WiBmann

Factorizations

Equivalence Relations = Quotients & Partitions

Kernels = Regular Epimorphisms

Category with (Regular Epi,Mono)-Factorizations

& 20 1 2 1 ’
O3 Jlo 3 4 f 342
kerf:;X/_\ Y
\»Image/
of f

42

ker f = {(x1,x) € X2 | f(x1) = f(x2)}



Thorsten WiBmann

Factorizations

Equivalence Relations = Quotients & Partitions

Kernels = Regular Epimorphisms

Category with (Regular Epi,Mono)-Factorizations

5
o P 1 2 1

O3 Jlo 3 4 f 342
ker f —— X T Y
e glmage/

X/kerf of f
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ker f = {(x1,x) € X2 | f(x1) = f(x2)}
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Given
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Usual partition refinement algorithms

. . K
Return coarsest partition compatible with ¢, refining C —» 7

!

Coalgebraic partition refinement for Z x F

For the coalgebra C <K—C2 I xFC
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Genericity: Composition

If F finitary,

C—S3FGC s D%, GC

T TFd
C SNy

FD

A coalgebra on Set? for the functor (X, Y) — (FY, GX):

(cd

(C, D)= (FD, GC)
Examples
(Ax(-)) (2xP)-(Ax(-))
(Ax(=))D P-D-(Ax(-))
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AZXb B
ker a U ker b a kernel in Set
< ker a U ker b transitive
< Vx e X [x]a € [x]p or [x]a 2 [x]b

Example Non-Example

(o o)(o)(s @) X/kera (o ®)(®) X/kera
(O)(®)(e o @) X/kerb @@ X/ ker b

Process smaller half for X —f» F £ G

Find x € X, with S := [x]f, C := [x]gf, such that 2-|S| < [C].
Return (xs,xc): X = 2x 2

/5
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Heuristic

1 2 2
> adl
C » C/P —2— C/Q
l heuristic
B

Use all new information
B = C/P ~~ Final Chain algorithm Konig, Kiipper '14

Surrounding block in C/Q
Process the smaller half

Let S € C/P, such that 2-|S| < |p(S)|

) 2.4 m
B = {ChosenBlock, SameSurroundingBlock, RemainingBlocks}
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