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The Coalgebraic Task

For a functor F : Set — Set
Given a coalgebra C —£ , FC

no proper hl th
/

quotient g
find the simple quotient C' —=— FC’
e 5 //78 //7
all equivalent \(\5&3“ & [6'76@ sl‘a,,cs
behaviours =
(0]

identified
For 2 x (—)A :SQ For P :S@ For R(-) :Set

Automata Bisimilarity Markov chain

minimization minimization lumping
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F B
How to compute C = FC XSy F3 efficiently?

Functor Encoding Bags
Labels A b: FX — B(A x X)

Refinement Interface

Type W
init: F1 x BA— W
update: BAx W — W x F3x W

Labels to S Weight of B X
Example: FX = RX) / \b\

ai- .- dk :
A=R W=RxR =
init(_, £) = (0, Z¢) ———a——
update(¢, (r, b)) = ((r + b — X¢,%0),...) & B\S
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e Fl
INITIALIZATION: Partitioning w.r.t. C = FC — F1

for e € E,e:xi>ydo
add e to toSub[x] and pred[y]
for x € X do
px = new cell in deref containing init(type[x], B(m> - graph)(toSubl[x]))
for e € toSub[x] do lastW[e] = px
toSub[x] := 0
X/P = group X by type: X — F1.

F T
REFINEMENT STEP: Refine by C < F3 —25 F3

SpLIT(X/P, S)
M:=0 C X/P x F3

fory € S, e € pred[y] do Bro =
4 ’ precly. for (x, pc) in markg do

£ = B(my - graph)(toSub[x])
(wg, v¥, WL{\S) = update(¥, deref[pT])

xLy=e
B := block with x € B € X/P
if markg is empty then

X
wy = deref - lastW[e] derefpr] = WT\s
vg = w3 - update(d, wy) ps = new cell containing wg
add (B, vp) to M for e € toSub[x] do lastW([e] = pg
if toSub[x] = @ then _t;Sgb[x] = ?‘
add (x, lastW[e]) to markg if v 7 vy then

remove x from B

add e to toSub[x] insert (x, v¥) into B

markg = 0

By X {vi},..., By X {ve} =
group B,y by mp: X X F3 — F3

insert By, . .., By := into X/P

(a) Collecting predecessor blocks (b) Splitting predecessor blocks

7/17
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Efficiency
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Functor F zippable, if the canonical map
F(L+ R) — F(L+1) x F(1+ R) is injective.

E.g. Id, Constants, x, +, =, M(7), part. additive F(X+Y)— FX x FY

Examples for sets L = {ay, a2, a3}, R={b1, bo}, 1 ={_}

a1 3 b1 a3 b2 unzip {31, 2, bl} unzip
(a122 - a3, ] ({a1, a2, -},
i b) rs)
(—)° is zippable Ps is zippable

{{ar. b1}, {a2, b2} }  {{a1. b2}, {a2, b1} }

unZiPL ({{31, -+ {a2, —}}a J“”Zip Composition

{{*’ bl}? {*7 bQ}})

P¢P is not zippable Quotients
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Efficiency

F: Set — Set is zippabl e
€ et 15 Zippable Minimization runs

&
. . — inO((m-+n)-logn
F has a refinement interface ((m+ n) - logn)
(with linear run-time) Edges Grhres

Refinement Interfaces for
@ Polynomial Functors
o G(5), G abelian group, e.g. R(7), finite multisets B = N(-)
@ P finite powerset

o M=), M commutative monoid (additional factor
log min(|M[, m))
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System Functor FX Run-Time (m > n)  Specific algorithm
Transition
Systems Pe X m-logn m - logn Paige, Tarjan 1987
Markov
s ]R(X) m- |Og n m- |0g n Valmari, Franceschinis 2010
DFA 2 X XA (A fixed) n-logn n-logn Hopcroft 1971
Colour

m- |Og n m- |0g n Berkholz, Bonsma, Grohe 2017

Refinement
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The Tool CoPaR
@ Implementation in Haskell
@ Users can easily implement new refinement interfaces.

@ Available at https://gitlab.cs.fau.de/i8/copar
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The Tool CoPaR
@ Implementation in Haskell
@ Users can easily implement new refinement interfaces.
@ Available at https://gitlab.cs.fau.de/i8/copar

Refinement Interface Type

Math: init: F1 x BA— W
update: BAx W — W x F3x W

Haskell:
class (Ord (F1 f), Ord (F3 f)) = Refinementinterface f where
init :: F1 f — [Label f] — Weight f
update :: [Label f] — Weight f — (Weight f, F3 f, Weight f)


https://gitlab.cs.fau.de/i8/copar
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Example: Refinement Interface Implementation for R(-)

Math: init(f1,e) = (0,>_e)
update(e, (r, c)) = ((r+c—> e, > e),(r,c = 3le, ) e),
Ooe+r,c—>e))

Haskell: instance Refinementlnterface R where
init f1 e = (0, sum e)
update e (r,c) = ((r + ¢ — sum e, sum e),
(r, ¢ —sume, sum e),
(sume +r, ¢ —sume))



1. Coalgebra 2. Partition Refinement 3. Efficiency 4. Modularity | Thorsten WiBmann | 14 /17

Example: Input coalgebra for FX = RX)

R (X) e 2 —

\ /,,“\ 2A‘[? /
a: {d: 3, b: -2} 3{/; \3
b: { a: 2, c: 3} \/ J
c: {d: 117 d(\ (¢)
d: { a: 5} - 1
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Example: Input coalgebra for FX = RX)

R™ (X) N\ 22—/
L@ — g

a: {d: 3, b: -2} é’;

b: { a: 2, c: 3} \/

c: {d: 1} (d)e . [

d: {a: 5} e

Output

Block 0: d, b
Block 1: a, c

dularity | Thorsten WiBmann | 14 /17
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Modularity: Composed System Types

FX = P;(D(A x X))
XIPfl |DIZIAX,}7X

— H:Set® = Set® H(X,Y,Z)=(P:Y,DZ,Ax X)

— H':Set—»Set HX=PX+DX+AxX

WiBmann, Dorsch, Milius, Schroder '20
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Modularity: Composed System Types

FX = P:(D(A x X))

[ Y (o) 2 )"

— H:Set® = Set® H(X,Y,Z)=(P:Y,DZ,Ax X)

— H':Set—»Set HX=PX+DX+AxX

Theorem (for every such F)

Every F-coalgebra can be transformed into a H'-coalgebra, and
they have the same simple quotient.

Efficiency

For zippable functors F1, ..., F, with refinement interfaces one can
construct a refinement interface for F1 + ...+ F,.

WiBmann, Dorsch, Milius, Schroder '20
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In CoPaR

Modularity reduction during preprocessing ™Mor°d

@ Implemented basic functors: X, Ps, B, D, M),
for M=N|Q|Z|R|(Z, max) | (R, max) | (Pe(64), V)

with +

Deifel, Milius, Schroder, WiBmann '19
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In CoPaR

Modularity reduction during preprocessing ™Mor°d

@ Implemented basic functors: X, Ps, B, D, M),
for M=N|Q|Z|R|(Z, max) | (R, max) | (Pe(64), V)

with +
@ Interfaces for composed functors are automatically derived:

functor variable polynomial constructs X

Fu=X|PiF|BF | DF M) |N|F+F|FxF|FA
N:N’A AZ::{S]_’,._’SH}

Deifel, Milius, Schroder, WiBmann '19



4. Modularity | Thorsten WiBmann | 17 /17

System Functor FX Run-Time (m > n)  Specific algorithm
Transition
Systems Pe X m-logn m - logn Paige, Tarjan 1987
Markov
s ]R(X) m- |Og n m- |0g n Valmari, Franceschinis 2010
DFA 2 X XA (A fixed) n-logn n-logn Hopcroft 1971
Colour

m- |Og n m- |0g n Berkholz, Bonsma, Grohe 2017

Refinement




4. Modularity | Thorsten WiBmann | 17 /17

System Functor FX Run-Time (m > n)  Specific algorithm
Transition
Systems PfX m - |Og n m - Iog n Paige, Tarjan 1987
LTS Pe(N x X) e 536 m - logm Dovier, Piazza, Policriti 2004
k .
> m- |0g n Valmari 2009
Markov
s R(X) m- |Og n m- |0g n Valmari, Franceschinis 2010
DFA 2 X XA (A fixed) n-logn n-logn Hopcroft 1971
2xPi(AxX) |Al-n-logn |Al-n-logn Gries 1973/Knuutila 2001
. Baier, Engelen,
gf/sg,::ns Pe(A x DX) mp - log mp, < m-logn Majster-Cederbaum 2000

mp - |0g mqpf Groote, Verduzco, de Vink 2018

Colour X m-logn m-logn Berkholz, B Grohe 2017
Reflnement . . erkhnolz, onsma, rohe
. M(EX)
Weighted } m - log?>m < m-n Hogberg, Maletti, May 2007
s M non-cancellative
M(ZX)
Automata m-logm m-logn Hégberg, Maletti, May 2007

M cancellative
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System Functor FX Run-Time (m > n)  Specific algorithm
Transition
Systems Pe X m-logn m - logn Paige, Tarjan 1987
m - logm Dovier, Piazza, Policriti 2004
LTS Pe(N x X) m - log m <
> m- |Og n Valmari 2009
o,
>
Markov PS¢ S
. ]R(X) m- |Og n 2 10gn ® almari, Franceschinis 2010
Chains .* & s '
R * A '
DFA 2 X XA (A fixed) n-logn ,e* \ rC\o d ,' Hopcroft 1971
*
*
*
2xPr(Ax X) |Al-r,2ogn e\/—d Lo 'ug n Gries 1973/Knuutila 2001
L d '
. L 4 © . L d o
® . Baier, Engelen
Segala o? m - logn . [ <t
Pr(A x 'D ¢ an\g NP, o* Majster-Cederbaum 2000
Systems . _
, Q o?® mp - |0g mqpf Groote, Verduzco, de Vink 2018
N C 2
.
Colour . .°
. L Y L d . er olz, onsma, rohe
BX m - logn m - logn Berkholz, B Grohe 2017
Refinement Ceue®
. M(EX)
Weighted m - log?>m < m-n Hogberg, Maletti, May 2007
Tz M non-cancellative
M(ZX)
Automata m - logm m-logn Hogberg, Maletti, May 2007
M cancellative
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System Functor FX Run-Time (m > n)  Specific algorithm
Transition
Systems Pe X m-logn m - logn Paige, Tarjan 1987
LTS Pe(N x X) m - log m m - logm Dovier, Piazza, Policriti 2004
> m- |Og n Valmari 2009
o,
*
Markov g >
s R(X) m - logn . '; "mg n & “'almari, Franceschinis 2010
' l
DFA 2 X XA (A fixed) n-logn ,e* rC\o d] ,' Hopcroft 1971
*
2x Pr(Ax X) A 1o *Sgn g\n| L. wg n Gries 1973/Knuutila 2001
L d '
. L 4 © . L d o
® . \e Baier, Engelen
Segala o? m - logn . [ <t
Pe(A X 'D ¢ m (NS . Majster-Cederbaum 2000
Systems i ”. \g 7:‘¢ g
, Q o?® mp - le- X Groote, Verduzco, de Vink 2018
e >\t i de k2018
\J »
Colour . .
. BX “ ¢ m- |Og n Art|C|eS & Too' sma, Grohe 2017
Refinement Ceue® .
0 tinyurl.com/coalgebra
: M
Weighted _ m - log?>m 2 _rg, Maletti, May 2007
Tz M non-cancellative
M(ZX)
Automata m - logm m-logn Hogberg, Maletti, May 2007
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System Functor FX Run-Time (m > n)  Specific algorithm
T iti
S;z:esrlnlson Pe X m-logn m - logn Paige, Tarjan 1987
. m - logm Dovier, Piazza, Policriti 2004
s P X More instances:
- |Og n Valmari 2009
- further system types Lo
ar. ov R(X) & eq u IVa|enceS °* 'IOg n ® ‘3lmari, Franceschinis 2010
Chains . )& [}
' vy l
DFA 2 X XA (A fixed) n-logn ,e* rC\o d] ,' Hopcroft 1971
*
*
2x Pr(Ax X) A 1o *Sgn g\n| L. wg n Gries 1973/Knuutila 2001
Py * e Py * '
4 * . L d e Bai E |
Segala ? m - |0g n . aier, Engelen,
A X 'D ¢ (NS . Majster-Cederbaum 2000
Systems P mﬂ(\g 7:‘¢ g
, 66“ " L d mp - le- X Groote, Verduzco, de Vink 2018
I S A o [
. Pie .
COl.OLII’ BX “ o" m- |Og n ArtICIGS & Too' sma, Grohe 2017
Refinement Ceue® .
tinyurl.com/coalgebra
. M(EX) 2
Weighted } m - log® m R -rg, Maletti, May 2007
Tz M non-cancellative
M(ZX)
Automata ) m-logm m-logn Hagberg, Maletti, May 2007
M cancellative
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. m - logm Dovier, Piazza, Policriti 2004
s P X More instances:
- |Og n Valmari 2009
further system types PN
*
. .
'(\:/Ihaa"lknosv R(X) & eq u IVa|enceS °* 'IOg n “'2|mari, Franceschinis 2010
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DFA  Afixed) n-logn ,e* * IO\gﬂ . Hopcroft 1971
E.g. Nominal L,*° 9\ \ .°
) |A|-r.®5gn A - retogn Gries 1973 /Knuutila 2001
. ! .
Automata L. L
L 4 L d
* * . i d * Bai
. . . aier, Engelen,
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System Functor FX Run-Time (m > n)  Specific algorithm
Transition
Systems PfX m - |Og n m - Iog n Paige, Tarjan 1987
LTS Pe(N x X) e 536 m - logm Dovier, Piazza, Policriti 2004
k .
> m- |0g n Valmari 2009
Markov
s R(X) m- |Og n m- |0g n Valmari, Franceschinis 2010
DFA 2 X XA (A fixed) n-logn n-logn Hopcroft 1971
2xPi(AxX) |Al-n-logn |Al-n-logn Gries 1973/Knuutila 2001
. Baier, Engelen,
gf/sg,::ns Pe(A x DX) mp - log mp, < m-logn Majster-Cederbaum 2000

mp - |0g mqpf Groote, Verduzco, de Vink 2018

Colour X m-logn m-logn Berkholz, B Grohe 2017
Reflnement . . erkhnolz, onsma, rohe
. M(EX)
Weighted } m - log?>m < m-n Hogberg, Maletti, May 2007
s M non-cancellative
M(ZX)
Automata m-logm m-logn Hégberg, Maletti, May 2007

M cancellative
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Factorizations

x1,Xp in the same block <= f(x1) = f(x)

Kernel pairs
ker f = {(x1,x) € X? | f(x1) = f(x)}

1 2 1
3 4 f 3

X /_\
\ Image /

of f

Y

1
42
8
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Factorizations

x1,Xp in the same block <= f(x1) = f(x)

Kernel pairs
ker f = {(x1,x) € X? | f(x1) = f(x)}

O1 20 1 2 1 °
O3 JIO 3 4 /\3 42
kerf ——<¢ X Y

\ Image /

of f

1
42
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Factorizations

x1,Xp in the same block <= f(x1) = f(x)

Kernel pairs
ker f = {(x1,x) € X? | f(x1) = f(x)}

)
0120 1 2 1

O Jlo 3 4 f 3 42
ker f —— X T~ \4
e Image/

X/kerf%' of f

QR ~
= 42
Al 3
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Algorithm for a finite c: C — FC
o C/Q :={C}
o P:=ker(CS FC 55 F1)
@ While P properly finer than Q:
o PickSCB, SeC/P, BeC/Q, |S|<}-|B|
6 C/Q:=C/Q—{B} U {S,B\S}
o P:=Pnker(CS Fcﬁa)

@ Return C/P

Correctness

If Fis zippable, then the above algorithm computes the simple
quotient of ¢: C — FC.
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Functor encoding
@ internal weights W, w: FX — P X — W
o edge labels L
e b: FX — B(Lx X)
o update: B(L) x W — W x F(2x2) x W

weight of C _ F(xs,xc)
edges into S weight of S weight of C\ S
Functor: ¢-) B D P Fs
Labels L: G N [0,1] 1 N
Weights W: ¢@ B2 D2 N Fs2

w(C), CCY: Gxc Bxc Dxc [€N(-) Fexc
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1. Assume (C
everything 1]
equivalent 1
Q := kera 3. Unravel
2. Havea || c:C—=FC
quotient C by one step
on C la
K A
refine
further

4. Pick some
of the new
information
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1. Assume (C
everything 1]
equivalent 1
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quotient
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La J,Fa
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. C
4. Pick some
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information Cc/P
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1. Assume (C
everything 1] P :=ker(Fa- c)
equivalent 1
g ﬁ:\ 3. Unravel
2. Havea || c:C—FC le
quotient C by one step EC
on C la |Fa
K A FA
C refine
3/:<a’b>l further
C
Ax B 4. Pick some N
of the new i \

information C/P — B
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1. Assume (C
everything 1] P :=ker(Fa- c)
equivalent 1
! @\ 3. Unravel
c:C—oFCc C
2. Havea || le
. by one step
quotient C EC
on C la |Fa
K A FA
C refine
a/:<a’b>l further
C . _
Ax B 4. Pick some N TS:';”Cn/eCV'
of the new i iy information

information C/P — B

i th\euristic use smaller

half
Cc/Q
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C - FC

Usual partition refinement algorithms
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Genericity: Initial partiton

Given
C - FC

Usual partition refinement algorithms

. . K
Return coarsest partition compatible with ¢, refining C —» 7

!

Coalgebraic partition refinement for Z x F

For the coalgebra C <K—C2 I xFC
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Schréder, Pattinson 2011

2. Partition Refinement

Coalg(T)

Comp| H |Pad

Coalg(H)
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T: Set — Set
TX = P(D(A x X))
T=P-D-(Ax.)

H: Set® — Set3
H(X,Y,Z)=(PY,DZ,A x X)
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Coalg(T)

Comp| H |Pad

Schréder, Pattinson 2011

Coalg(H)

preserves
H77 o _ behavioural
equivalence

Coalg(HAL)

Milius, Schroder 2020

WiBmann, Dorsch,

=

Coalg(ITHA)

Assumptions
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T: Set — Set
TX = P(D(A x X))
T=P-D-(Ax.)

H: Set3 — Set3
H(X,Y,Z) = (PY,DZ,Ax X)

HAIL: Set® — Set®
H(X,Y,Z) =
(P(X+Y+Z), D(X+Y+Z), AX(X+Y+Z))

HAILL: Set — Set
HX =PX + DX+ AxX

H mono-preserving,  C extensive,  (RegEpi,Mono)-factorization

m:c"—=¢c 4 A:C—=C"

n: lden — ALl
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Genericity: Composition

If F finitary,

C —= FGC
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Genericity: Composition

If F finitary,

C—S3FGC s D%, GC

T TFd
C SNy

FD

A coalgebra on Set? for the functor (X, Y) — (FY, GX):

(cd

(C, D)= (FD, GC)
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Genericity: Composition

If F finitary,

C—S3FGC s D%, GC

T TFd
C SNy

FD

A coalgebra on Set? for the functor (X, Y) — (FY, GX):

(cd

(C, D)= (FD, GC)

Examples

Pr-(Ax (=) (2xPr)- (Ax (=)
Pe-(Ax(=))-D  Pe-D-(Ax(-))
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AZ X b B
ker a U ker b a kernel in Set
< ker a U ker b transitive
< Vx e X [x]a € [x]p or [x]a 2 [x]b

Example Non-Example

(o o)(o)(s @) X/kera (o ®)(®) X/kera
(O)(®)(e o @) X/kerb @@ X/ ker b
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AZ X b B
ker a U ker b a kernel in Set
< ker a U ker b transitive
< Vx e X [x]a € [x]p or [x]a 2 [x]b

Example Non-Example

(o o)(o)(s @) X/kera (o ®)(®) X/kera
(O)(®)(e o @) X/kerb @@ X/ ker b

f
Process smaller half for X — F £ G
Find x € X, with S := [x]f, C := [x]gf, such that 2-|S| < [C].
Return (xs,xc): X = 2x 2
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Heuristic

3 4 4

C » C/P —2— C/Q

l heuristic
B



Thorsten WiBmann | co /17

Heuristic

3 4 4

C » C/P —2— C/Q
l heuristic
B

Use all new information
B = C/P ~~ Final Chain algorithm Konig, Kiipper '14
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Heuristic

3 4 4

C » C/P —2— C/Q
l heuristic
B

Use all new information
B = C/P ~~ Final Chain algorithm Konig, Kiipper '14

Surrounding block in C/Q
Process the smaller half

Let S € C/P, such that 2-|S| < |p(S)|

) 2.4 m
B = {ChosenBlock, SameSurroundingBlock, RemainingBlocks}
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Modularity — for more complicated compositions

FX = P(BX x D(A x X))

X3 BL

X X2
R R ] P
D %Ax_ﬁ

— H: Set® — Set®
H(X, Xz, X3, Xa, X5) = (P Xa, X3 X X4, BX,DX5,A x X)

— H’: Set — Set
HX =P X +XxX+BX,DX+AxX
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