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Ingredient 1: Factorizations

Equivalence Relations ∼= Quotients ∼= Partitions

Kernels ∼= Regular Epimorphisms

Category with (Regular Epi,Mono)-Factorizations
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ker f = {(x1, x2) ∈ X 2 | f (x1) = f (x2)}
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Ingredient 2: Coalgebra – Generic state based systems

Categorical
Machinery

Functor
F : C → C

Transition Type
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Distributions D
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2× (−)A

Simple Segala
P(A×−) · D

General Segala
P · D(A×−)

F -Coalgebra

C
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C
c−→ PC
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C

c−→ RC

DFA
C

c−→ 2× CA

Homomorphism

C
h−→ C ′

Behavioural
Equivalence

Strong
Bisimilarity

Language
Equivalence

MinimizationMinimization
AlgorithmAlgorithm
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The Coalgebraic Task

For a functor F : C → C
Given a coalgebra C FC
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3. Unravel
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by one step

4. Pick some
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Q := ker a

C

A

a

P := ker(Fa · c)

C
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c
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use all new
information

use smaller
half
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Let S ∈ C/P, such that 2 · |S | ≤ |p(S)

Surrounding block in C/Q

|

B = {
{3}

ChosenBlock,
{2, 4}

SameSurroundingBlock,
{1}
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Assume

• Finitely complete category C
• (RegularEpi,Mono)-factorisations

• F mono-preserving

Theorem (Correctness)

C FC

C/Pi F (C/Qi )

c

If Pi
∼= Qi , then this

1. is a coalgebra

2. has no proper quotient
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Efficiency: Incremental Partitions

Incremental partitions

Q := ker a
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P := ker(c · Fa)
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Fa

?? ∩ ??
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FC

F (A×B)

c

F 〈a,b〉

Theorem: In Set, ker F 〈a, b〉 = ker〈Fa,Fb〉 if

F (L + R)
↓ injective

F (L+1)× F (1+R)

“zippable”

and
ker a ∪ ker b

an equivalence



1. Coalgebras 2. Partition Refinement 3. Efficiency | Thorsten Wißmann | 9 / 11

Efficiency: Incremental Partitions

Incremental partitions

Q := ker a

C

A

a

Q ∩ ker b

C

A×B
a′=〈a,b〉

P := ker(c · Fa)

C

FC

FA

c

Fa

?? ∩ ??

C

FC

F (A×B)

c

F 〈a,b〉

Theorem: In Set, ker F 〈a, b〉 = ker〈Fa,Fb〉 if

F (L + R)
↓ injective

F (L+1)× F (1+R)

“zippable”

and
ker a ∪ ker b

an equivalence



1. Coalgebras 2. Partition Refinement 3. Efficiency | Thorsten Wißmann | 9 / 11

Efficiency: Incremental Partitions

Incremental partitions

Q := ker a

C

A

a

Q ∩ ker b

C

A×B
a′=〈a,b〉

P := ker(c · Fa)

C

FC

FA

c

Fa

?? ∩ ??

C

FC

F (A×B)

c

F 〈a,b〉

Theorem: In Set, ker F 〈a, b〉 = ker〈Fa,Fb〉 if

F (L + R)
↓ injective

F (L+1)× F (1+R)

“zippable”

and
ker a ∪ ker b

an equivalence



1. Coalgebras 2. Partition Refinement 3. Efficiency | Thorsten Wißmann | 9 / 11

Efficiency: Incremental Partitions

Incremental partitions

Q := ker a

C

A

a

Q ∩ ker b

C

A×B
a′=〈a,b〉

P := ker(c · Fa)

C

FC

FA

c

Fa

?? ∩ ??

C

FC

F (A×B)

c

F 〈a,b〉

Theorem: In Set, ker F 〈a, b〉 = ker〈Fa,Fb〉 if

F (L + R)
↓ injective

F (L+1)× F (1+R)

“zippable”

and
ker a ∪ ker b

an equivalence



1. Coalgebras 2. Partition Refinement 3. Efficiency | Thorsten Wißmann | 9 / 11

Efficiency: Incremental Partitions

Incremental partitions

Q := ker a

C

A

a

Q ∩ ker b

C

A×B
a′=〈a,b〉

P := ker(c · Fa)

C

FC

FA

c

Fa

?? ∩ ??

C

FC

F (A×B)

c

F 〈a,b〉

Question: When is ker F 〈a, b〉 = ker〈Fa,Fb〉 ?

F (L + R)
↓ injective

F (L+1)× F (1+R)

“zippable”

and
ker a ∪ ker b

an equivalence



1. Coalgebras 2. Partition Refinement 3. Efficiency | Thorsten Wißmann | 9 / 11

Efficiency: Incremental Partitions

Incremental partitions

Q := ker a

C

A

a

Q ∩ ker b

C

A×B
a′=〈a,b〉

P := ker(c · Fa)

C

FC

FA

c

Fa

?? ∩ ??

C

FC

F (A×B)

c

F 〈a,b〉

Theorem: In Set, ker F 〈a, b〉 = ker〈Fa,Fb〉 if

F (L + R)
↓ injective

F (L+1)× F (1+R)

“zippable”

and
ker a ∪ ker b

an equivalence



1. Coalgebras 2. Partition Refinement 3. Efficiency | Thorsten Wißmann | 9 / 11

Efficiency: Incremental Partitions

Incremental partitions

Q := ker a

C

A

a

Q ∩ ker b

C

A×B
a′=〈a,b〉

P := ker(c · Fa)

C

FC

FA

c

Fa

?? ∩ ??

C

FC

F (A×B)

c

F 〈a,b〉

Theorem: In Set, ker F 〈a, b〉 = ker〈Fa,Fb〉 if

F (L + R)
↓ injective

F (L+1)× F (1+R)

“zippable”

and

ker a ∪ ker b
an equivalence



1. Coalgebras 2. Partition Refinement 3. Efficiency | Thorsten Wißmann | 9 / 11

Efficiency: Incremental Partitions

Incremental partitions

Q := ker a

C

A

a

Q ∩ ker b

C

A×B
a′=〈a,b〉

P := ker(c · Fa)

C

FC

FA

c

Fa

?? ∩ ??

C

FC

F (A×B)

c

F 〈a,b〉

Theorem: In Set, ker F 〈a, b〉 = ker〈Fa,Fb〉 if

F (L + R)
↓ injective

F (L+1)× F (1+R)

“zippable”

and
ker a ∪ ker b

an equivalence



1. Coalgebras 2. Partition Refinement 3. Efficiency | Thorsten Wißmann | 9 / 11

Efficiency: Incremental Partitions

Incremental partitions

Q := ker a

C

A

a

Q ∩ ker b

C

A×B
a′=〈a,b〉

P := ker(c · Fa)

C

FC

FA

c

Fa

P ∩ ker(Fb · c)

C

FC

F (A×B)

c

F 〈a,b〉

Theorem: In Set, ker F 〈a, b〉 = ker〈Fa,Fb〉 if

F (L + R)
↓ injective

F (L+1)× F (1+R)

“zippable”

and
ker a ∪ ker b

an equivalence



1. Coalgebras 2. Partition Refinement 3. Efficiency | Thorsten Wißmann | 10 / 11

Category:

Setting for complexity analysis

Heuristic: Functor:

Set smaller half
zippable &
encoding

Assumption: Functor encoding

coalgebra structure as edges with labels

C
c−→ FC

[−→ P(L× C )

Refinement interface { update(), init(), weight() }

⇒ compute “smaller half” intersections in linear time

Theorem

Overall complexity: O((m + n) · log n) for n = |C |, m =
∑
x∈C
|[c(x)|
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System Functor Concrete algorithm Our instantiation

Transition
Systems

P (m + n) · log n
Paige, Tarjan ’87

= (m + n) · log n

LTS P(A×−)
(m + n) · log(m + n)

Dovier, Piazza, Policriti ’04
= (m + n) · log(m + n)

(m + n) · logm
Valmari ’09

<

Markov
Chains

R(−) (m + n) · log n
Valmari, Franceschinis ’10

= (m + n) · log n

DFA 2× (−)A
n · log n for fixed A,

Hopcroft ’71
= n · log n

2× P(A×−)
|A| · n · log n,

Gries ’73, Knuutila ’01
≈ |A| · n · log n

+|A| · n · log |A|

Segala
Systems

P(A×−) · D
m · n · log(m · n)
Baier, Engelen,

Majster-Cederbaum’00
> (m + n) · log(m + n)

Generic
&

Efficient

Generic
&

Efficient

More instances:
further system types

& categories

Implementation:
functor & system

as the input

Compare to
existing concrete
implementations
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Genericity: Initial partiton

Given
C

c−→ FC

Usual partition refinement algorithms

Return coarsest partition compatible with c , refining C
κ
� I

⇐
⇒

Coalgebraic partition refinement for I × F

For the coalgebra C
〈κ,c〉−→ I × FC
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Genericity: Composition

If F finitary,

C FG C  D GC

FD

c d

Fd
c ′

A coalgebra on Set2 for the functor (X ,Y ) 7→ (FY ,GX ):

(C ,D)
(c ′,d)−→ (FD,GC )

Examples

P · (A× (−)) (2× P) · (A× (−))

P · (A× (−)) · D P · D · (A× (−)) . . .
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Functors F zippable, if

F (L + R)
unzip−−−→ F (L + 1)× F (1 + R) is monic.

E.g. Id, Constants, ×, +, ↪→, M(−), part. additive

Examples for sets L = {a1, a2, a3}, R = {b1, b2}, 1 = { }

a1 a2 b1 a3 b2

(a1a2 a3 ,

b1 b2)

unzip

(−)∗ is zippable

{a1, a2, b1}

({a1, a2, },
{ , b1})

unzip

P is zippable

{
{a1, b1}, {a2, b2}

} {
{a1, b2}, {a2, b1}

}
(
{
{a1, }, {a2, }

}
,{

{ , b1}, { , b2}
}

)

unzip unzip

PP is not zippable

Composition

Quotients
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Functors F zippable, if

F (L + R)
unzip−−−→ F (L + 1)× F (1 + R) is monic.

E.g. Id, Constants, ×, +, ↪→, M(−), part. additive

Examples for sets L = {a1, a2, a3}, R = {b1, b2}, 1 = { }

a1 a2 b1 a3 b2

(a1a2 a3 ,

b1 b2)

unzip

(−)∗ is zippable

{a1, a2, b1}

({a1, a2, },
{ , b1})

unzip

P is zippable

{
{a1, b1}, {a2, b2}

} {
{a1, b2}, {a2, b1}

}
(
{
{a1, }, {a2, }

}
,{

{ , b1}, { , b2}
}

)

unzip unzip

PP is not zippable

Composition

Quotients
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A
a←− X

b−→ B

ker a ∪ ker b a kernel in Set

⇔ ker a ∪ ker b transitive

⇔ ∀x ∈ X : [x ]a ⊆ [x ]b or [x ]a ⊇ [x ]b

Example

• • • • •

• • • • • X/ ker a

X/ ker b

Non-Example

• • •

• • • X/ ker a

X/ ker b

Process smaller half for X
f
� F

g
� G

Find x ∈ X , with S := [x ]f , C := [x ]gf , such that 2 · |S | ≤ |C |.
Return 〈χS , χC 〉 : X → 2× 2
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Functor encoding

internal weights W , w : FX → PX →W

edge labels L

[ : FX → Bf(L× X )

update : Bf(L)

edges into S

×W

weight of C

−→ W

weight of S

× F (2× 2)

F 〈χS , χC 〉

×W

weight of C \ S

Functor: G (−) Bf D P FΣ

Labels L: G N [0, 1] 1 N
Weights W : G (2) Bf2 D2 N FΣ2

w(C ), C ⊆ Y : GχC BfχC DχC |C ∩ (−)| FΣχC
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