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Motivation

Infinite λ-trees having a finite description
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Questions

Corecursion- & Coinduction principle?

Closed under corecursive functions? E.g. substitution?

Described by a universal property?

⇒ Rational Fixpoint of a Nom-Functor
Thorsten Wißmann June 24, 2015 2 / 17
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History & Table of contents

λ-calculus (1930s) FM-sets (1920s)

λ-terms modulo
α-equivalence (1999)

Coalgebras

Infinite λ-trees modulo
α-equivalence (2013)

Rational fixed
point (2006)

Rational λ-trees modulo
α-equivalence (this talk, 2015)
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Nominal sets

V = {v0, v1, v2, . . .} = some infinite countable set of variables

S(V) = set of finite permutations of V

Definition: (X , ·) nominal set

X some set

“·” a S(V)-action

every x ∈ X finitely supported

terms with
finitely many
free variables

Definition: S ⊆ V supports x ∈ X

For all π ∈ S(V) with
π(v) = v ∀v ∈ S , it is π · x = x .

Leave S fix
⇓

Leave x fix
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Category of Nominal sets

Category Nom

Objects: nominal sets

Morphisms: equivariant maps f : (X , ·)→ (Y , ?),
i.e. maps f : X → Y with

f (π · x) = π ? f (x).
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Abstraction

v fresh for x ⇔ v 6∈ supp(x)

Definition: Abstraction-Functor

(v1, x1) ∼α (v2, x2)
⇔

(v1 z) x1 = (v2 z) x2 with z fresh for v1, v2, x1, x2

Nominal set [V ]X = (V × X )/∼α.

〈v〉x = ∼α-class of (v , x).

⇒ v is fresh for 〈v〉x .

Gabbay and Pitts 1999
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Algebraic description

Nom-Endofunctor

LX = V + V × X + X × X

⇒ Initial L-algebra = λ-terms

LαX = V + [V]X + X × X

⇒ Initial Lα-algebra = λ-terms modulo α-equivalence.

Gabbay and Pitts 1999
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Where do infinite λ-trees come from?

Consider the fixpoint of (possibly) infinite β-reductions:

Y f →∗β f (Y f )→∗β f (f (Y f ))→∗β f (f (f (Y f )))

→∗β . . .→∗β @

f @

f @

f . . .

⇒ Can be described as a Cauchy-sequence of finite trees:
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α-equivalence = component-wise on Cauchy-sequences.
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Coalgebraic description

Final Lα-coalgebra

infinite λ-trees

modulo α-equivalence

only finitely many free variables

possibly infinitely many bound variables

Kurz et al. 2013
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Rational λ-tree

Definition: λ-tree rational

If only finitely many subtrees (up to isomorphism).

Definition: λ-tree rational modulo α-equivalence

One element in the α-equivalence class is rational.
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Rational fixpoint in general

C locally finitely presentable category
F : C → C finitary
CoAlgF = category of F -coalgebras
CoAlgf F = coalgebras with finitely presentable carrier

Theorem (Adámek et al. 2006)

(%F , r) := colim(CoAlgf F ↪→ CoAlgF )

r : %F → F%F is an isomorphism

(%F , r) is the final locally finitely presentable F -Coalgebra

Examples

Regular Languages, Rational Streams, Rational Formal Power
Series, Rational Σ-Trees, . . .

Thorsten Wißmann June 24, 2015 11 / 17
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Rational fixpoint in Nom

Nom is locally finitely presentable

finitely presentable = orbit finite

locally finitely presentable F -coalgebra = locally orbit-finite

Proposition

%F =
⋃

(A,a)∈CoAlgf F

a†[A] ⊆ νF

with a† : (A, a)→ (νF , t) unique coalgebra homomorphism.
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Rational λ-trees coalgebraically

LαX = V + [V]X + X × X LX = V + V × X + X × X

Theorem

%Lα = rational λ-trees modulo α-equivalence

Proof (Sketch).

⊇ Construct orbit-finite coalgebra for rational λ-tree.

⊆ Given orbit-finite (X , a) and root ∈ X .

m := max
x∈X
| supp(x)|.

Take W s.t. supp(root) ⊆W ⊆ V, |W | = m + 1.
Build rational λ-tree via finite L-coalgebra in Set with carrier
C = {x ∈ X | supp(x) ⊆W }

Thorsten Wißmann June 24, 2015 13 / 17
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Finitely many subtrees, but how many?

Theorem (bound for |C |)
m := maxx∈X | supp(x)|, n = number of orbits of X .
Number of subtrees of a†(root) is bounded by

n · (m + 1)!

Thorsten Wißmann June 24, 2015 14 / 17
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Example

Family of examples indexed by `

m free variables,
`+ 2 orbits.

Number of subtrees

2 ·m! +
∑̀
i=1

m!

(m − 2i−1)!

@ = rσ
hσ = @

rσ (1 2) rσ (1 ··· m)

@

@ @

@ @ @ @

σv1 σv2 σvm· · ·

` levels
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Corecursion on rational λ-trees

Example: Substitution on %Lα
Wanted: subsrat : %Lα × V × %Lα → %Lα
Needed: locally orbit-finite Lα-coalgebra on %Lα × V × %Lα

Trick: Parameterize by orbit-finite coalgebras

A
a−→ LαA, B

b−→ LαB

Define Lα-coalgebra on B + A× V × B:

B + A× V × B Lα(B + A× V × B)

%Lα Lα(%Lα)

[b†,subsA,B ] Lα([b†,subsA,B ])

r

Extend subsA,B to subsrat using union.
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Conclusion & Future Work

Conclusion

Rational λ-trees (modulo α) as the rational fixpoint of Lα

“Tight” bound on finite coalgebra constructed from
orbit-finite coalgebra

Corecursive definitions on rational λ-trees, e.g. substitution

Future Work

Generalization to other finitary Nom-Endofunctors

Abstract GSOS-rules in Nom

Solutions of Higher-order recursion schemes in Nom

Connection to presheaf-based approach to infinitary & rational
λ-trees
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